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A B S T R A C T  

Let 5 ~ be a family of functions meromorphic in the plane domain D, all 
of whose zeros and poles are multiple. Let h be a continuous function on 
D. Suppose that,  for each f E .P, if(z) ~ h(z) for z E D. We show that  
if h(z) ~ 0 for all z C D, or if h is holomorphic on D but not identically 
zero there and all zeros of fimctions in 5 ~ have multiplicity at least 3, then 
.T is a normal family on D. 

1. I n t r o d u c t i o n  

I n  t h i s  p a p e r ,  we s t u d y  t h e  n o r m a l i t y  of  f ami l i e s  of  m e r o m o r p h i c  f u n c t i o n s  o n  

p l a n e  d o m a i n s ,  al l  of  w h o s e  zeros  a n d  po les  a re  m u l t i p l e .  As  a f i rs t  r e su l t ,  we 
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THEOREM 1: Let yr be a family of meromorphic functions on a domain D in C, 

all of  whose zeros and poles are multiple. Let h be a continuous function on D 

such that h(z) ~ 0 for z E D. Suppose that for each f • Jr, f ' ( z )  ¢ h(z) for 

z • D. Then F is a normal family on D. 

For analyt ic  h, this result  was observed by Fang [4, L e m m a  6]. As an immedia te  

consequence, we have the 

COROLLARY: Let F be a family of meronlorphic functions on a domain D in C. 

Suppose that for some fixed positive integer n, f~fn ~ 1 on D for all f • F.  

Then F is a normal family on D. 

Proof'. Applying Theorem 1 to the family ~ = { f n + l  : f • F }  with h(z) - n + l  

shows tha t  ~ is normal  on D. But  then 5 c is as well. | 

For a discussion of the history of this last result, see [7, p. 226] and [6, pp. 18 

19]. 

If  h is allowed to vanish on D, Theorem I may  fail, even for analyt ic  functions h. 

Example l: L e t D = { z : l z I < l } a n d F = { f n } . w h e r e  

fn(Z ) = ( z -  1)2(z n c 1)2 .2 2 1 
z 2 n 2 -~ n4z2. 

Clearly, F fails to be normal  in any neighborhood of 0. However, all zeros and 

poles of fn are multiple; and f~(z)  7~ 2z on (I. 

However, requiring tha t  all zeros of functions in 5 c have mult ipl ici ty at  least 3 

leads to a posit ive result. 

THEOREM 2: Let F be a family of functions meromorphic on a domain D in C, 

all of  whose poles are multiple and whose zeros all have multiplicity at least 3. 

Let h be a function holomorphic on D, h ~ O. Suppose that for each f • F,  

f l ( z )  7~ h(z) for z • D. Then J: is a normal family on D. 

The hypothesis  tha t  all poles are mult iple cannot  be omit ted,  as is shown by 

the following example.  

Example 2: Let D = ( z :  I zl < 1} and F = {f~}, where 

( z -  3 8 
z - - g + + n3(  - 3 / • ) "  

I 

Clearly, 5 r fails to be normal  in a ne ighborhood of 0. However, all zeros of 

functions in F have mult ipl ici ty 3; and frn(Z ) ~ 2z on C. 
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The plan of the paper is as follows. In Section 2, we record some known results 

which will be used in the proofs of Theorems 1 and 2 and prove a simple lemma 

on rational functions needed for those proofs. In Section 3, we prove Theorem 1. 

We conclude with the proof of Theorem 2 in Section 4. 

2. A u x i l i a r y  r e s u l t s  

We require the following renormalization result, which has become a standard 

tool in the study of normal families. 

LEMMA 1 ([5, Lenlma 2] cf. [7, pp. 216-217]): Let J:- be a family of  functions 

meromorphic on the unit disc, all of whose zeros have multiplicity at least k, 

and suppose that there exists A >_ 1 such that [f(k)(z)[ ~_ A whenever f ( z )  = O. 

Then i f  ~ is not normal, there exist, for each 0 < (~ < k, 

(a) a number 0 < 7" < 1; 

(b) points z~, Iz,~[ < r; 

(c) functions f~ C ~ ;  and 

(d) positive numbers p,~ --+ 0 

such that pna fi,.(z. + p~() = g~(¢) -+ g(¢) locally uniformly with respect to the 

spherical metric, where g is a nonconstant meromorphic function on C, all of 

whose zeros have multiplicity at least k, such that g#(¢) <_ g#(O) -- kA + 1. In 

particular, g has order at most 2. 

Here, as usual, g#(¢) = Ig'(¢)l/(1 + Ig(¢)l 2) is the spherical derivative. 

We also require some facts about the local degree of a continuous function. 

See [1, p. 385] for a clear statement of the relevant facts and [3, Chapter 1] for a 

detailed discussion and proofs. 

LEMMA 2: Let M be the set of  all triples (~, U, w), where U is a bounded open 

subset of  C, ~: U --+ C is a continuous function, and w c C \  ~(OU). There 

exists a function d: M ~ Z such that 

(i) i f  Uis a piecewise-smoothly bounded Jordan domain and ~ is holomorphic 

on U, then d(~, U, w) is the winding number of  ~(OU) about w (and hence, 

by the argument principle, the nmnber of times ~ takes on the value w in 
u); 

(ii) i f  ¢: U ~ C is a continuous function such that I'4'(¢)-~(¢)1 <dist(w, ~(0U)) 

for each ~ ff U, then d('¢,, U, w) = d(~, U, w); and 

(iii) i f  d(~, U, w) ¢ O, then (-70 ~ - l ( w )  # O. 

We also need the following result from value distribution theory. 
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LEMMA 3 ([2, Theorem lAD:  Let  g be a transcendental meromorphic  function 

and let R be a rational function, R ~ O. Suppose that  all zeros and poles o f  9 

are multiple except for finitely many. Then g~ - R has infinitely m a n y  zeros. 

Finally, we require some facts about  rational fimctions. 

LEMMA 4 ([6, Lemma 8]): Let  f be a nonpolynomial  rational function such that  

f ' ( z )  ¢ 1 for z E C. Then 

a 

f ( z ) = z + c +  ( z + b )  m '  

where a ~ O, b, and c are constants and m is a positive integer. I f  the zeros of  f 

are all multiple, then m = 1. 

LEMMA 5: (i) Let  Q be a nonconstant  rational function, all o f  whose zeros and 

poles are multiple. Then Q' (z )  -- 1 has a solution in C. 

(ii) Let  Q be a rational function, all o f  whose poles are mult iple with the 

possible exception o f  z = 0 and all of  whose zeros have multiplici ty a t / e a s t  3. 

Then for each positive integer k, Q~(z) = z k has a solution in C. 

Proof: (i) If  Q is a nonconstant  polynomial  such tha t  Q'(z )  ¢ 1, Q(z )  = cz + d, 

where c ¢ O, 1, and thus does not have multiple zeros. If  Q is a nonpolynomial  

rat ional  function all of whose zeros are multiple such tha t  Q~(z) ¢ 1, then by 

Lemma 4, 
a 

Q(z)  = z + c +  z + b '  

so tha t  Q does not have multiple poles. 

(ii) Fix k and suppose that  Q'(z )  - z k ¢ 0 for all z E C. If  Q is a polynomial ,  

then Q~(z) = z k + c, with c ~ O, so tha t  

1 ~k+l + cz + d. 
O(z)  - k + 1 ~ 

Since all zeros of Q have multiplicity at least 3, we have k _> 2 and Q"(z )  = 

Q' (z )  = 0 whenever Q(z)  = 0. But  Q"(z )  = kz  k-1 vanishes only for z = 0. 

Thus, we must  have Q(0) = 0, so tha t  also c = Q'(O) = 0, a contradiction. Thus  

Q cannot  be a polynomial.  

L e t f ( z ) = Q ( z ) -  1 ~k+l ~4-~. + z. Then f is a nonpolynomial  rat ional  function 

such tha t  f~(z) ¢ 1. By Lemma 4, 

f ( z )  = z + c + - -  (= + 
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so tha t  

1 . k + ~  + c +  a 
(2.1) Q(z)  - k + 1 - (z + b) ~ - - - - - - ~ '  

where a ~ 0, b, and c are complex  numbers  and m is a posit ive integer. Suppose 

tha t  Q(zo) = 0. Then  since Zo has mult ipl ici ty a t  least 3, we have 

(2.2) Q'(zo) = z~ ma  
(zo + b) m+l - 0, 

m ( m  + 1)a 
(2 .3 )  = k - '  + + - 0 

I t  follows f rom (2.2) tha t  Zo # 0. Solving (2.2) and (2.3) for z0 and using m a  ~ 0, 

we obta in  zo = - k b / ( m  + k + 1). Thus  b ¢ 0, and by (2.1), 

kb )mTk+l 
(Z -~- re+k+1 (2.4) Q(z)  = 

(k + 1 ) (=  + 

Hence, again by (2.1), 

(2.5) J : + ' ( z + b ) m + c ( k + l ) ( z + b ) ' ~ + a ( k + l ) =  ( z +  kb )re+k+, 
" m + k + l  

Equat ing  coefficients of  z "*+k in (2.5), we obtain  mb = kb, so t ha t  m = k since 

b ~ 0. Equat ing  coefficients of z '~+k-I in (2.5) then shows tha t  k = 1, so tha t  

m = 1. But  this contradicts  the assumpt ion  tha t  all nonzero poles of Q are 

nmltiple. The  l emma  is proved. | 

3. P r o o f  o f  T h e o r e m  1 

Since normal i ty  is a local property,  we may  assume tha t  D = A, the unit  disc. 

Suppose tha t  ~- is not  normal  on A. Then  by L e m m a  1, there exist ] ;  C .T, 

zn E A, and p~ --+ 0+  such tha t  g~(~) = f ,~(z,  + p , ~ ) / p ,  converges locally 

uniformly with respect  to the spherical metr ic  to a noneonstant  meromorph ic  

function g, all of whose zeros and poles are multiple.  Taking a subsequence and 

renumbering,  we may  assume tha t  z ,  --~ Zo E A. 

We claim g ' ( ( )  ¢ h(zo). 

Clearly, g' ~ h(zo), since then g would be linear and hence could not have 

mult iple zeros. Suppose g/((o) = h(z(~). Then  ~ = g~ - h(zo) is a noncon- 

s tant  analyt ic  function on a neighborhood V of @, which vanishes at  @. Let  

A~ = {w : Iwl < ~}. For c > 0 sufficiently small,  the component  U of ~ - I ( A ~ )  

containing ~0 is relatively compac t  in V and satisfies ~ (0U)  = {u, : lwl = ~} and 
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d(~,U,O) > 0, where d is the local degree. Set 9 9 n ( ~ )  = g l n ( ~ )  - -  h(zn + Pn~); 

then  ~ -+ ~ locally uniformly on V. Thus,  for n sufficiently large, we have 

1~2~(~) - ~2(~)1 < e on V. By (ii) of L e m m a  2, d(c2n, V,O ) = d(~,U,O) > 0, so 

tha t  by (iii) of the same result, there exists ~1 • U such tha t  ~ ( ~ 1 )  = 0. But  

this contradicts  f~(z)  7 ~ h(z) on A. The  claim is proved. 

Since gP(() 5£ h(zo), it follows f rom L e m m a  3 tha t  g nmst  be a ra t ional  function. 

But  then  by L e m m a  5(i), g~ must  take on the nonzero value h(zo), a contradict ion.  

4. P r o o f  of  T h e o r e m  2 

By Theorem 1, it suffices to prove tha t  5 c is normal  at  points  for which h(z) = O. 

So let us assume,  making  s tandard  normalizat ions,  tha t  ~- satisfies the conditions 

of Theorem 2 and tha t  

h(z) = z k --~ ak+l zk+l -~ . . . .  zkb(z),  z E A,  

where k _> 1, b(0) = 1, and h(z) ¢ 0 for 0 < [z[ < 1. Consider on A the fmnily 

.T1 = { F  = j ' /h  : f E ~-}. I f  f E 9 r ,  f ' ( 0 )  ¢ h(0) = 0; hence, since all zeros of f 

are multiple,  f (0 )  ¢ 0. Thus,  for any F E if1, F(0)  = f(O)/h(O) = oc. We shall 

prove tha t  F1 is normal  on A. 

Suppose not.  Then  by L e m m a  1 (with a = k = A = 1), there exist Fn E 5rl, 

zn E A (]zn I _< r < 1), and Pn -'+ O+ such tha t  

Fn(zn -~ Pn~) 
Pn 

- 

spherically uniformly on compac t  subsets  of C, where g is a nonconstant  

meromorphic  function on the plane, all of whose zeros are multiple,  such tha t  

9# (¢) < g#  (0) = 2. 

We consider two cases. 

(a) Suppose Z,~/pn -+ OC. Then  since g ~ ( - z ~ / p n )  = F~(O)/p~, the pole of g~ 

corresponding to tha t  of F,~ at  0 drifts off to infinity, and g has only mult iple 

poles. We have 

h'(:) 
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Thus 

g ' , , ( ~ )  = , .  F:,.(.,, + p,,¢) - 

Clearly, 

I'(z,~ + p,,¢) 

h(z,, -t- Pn¢) 

h(z~ + p .¢)  

ffn(Zn -]- fln¢) ht(zn2 Pn~) F, 
h(zn -}- Pn~) h(zn + ~ n(zn + fln~) 

k b'(~n+_ P"~)~r t .  ( ~  + b(zn + Pn¢) ] n~~n + Pn¢) 

b'(zn + p,,¢) _ 0 
l i m  k - 0 and lim pn b(zn + Pn~) 

uniformly on compact sets of C. Thus, on compact subsets of C disjoint from 

the poles of g, 

i . b' f'(~,~ + p,¢) k (zn + Pn¢)~g, 
h(:. +pn~) -- g'~(¢) + (~,,/02 +¢ +R~Tp-~J (¢) 

converges uniformly to g'(¢). Since f~(z)/h(z) ~ 1, by Hurwitz'  Theorem either 

g' ~ 1 or g'(C) ~ 1 for all ( E C. The first alternative contradicts g#(0) = 2. 

But if g~ ~ 1, then by Lemma 3, g is rational; and we obtain a contradiction to 

Lemma 5(i). 

(b) So we may assume that  z,,/p,, --+ a,  a finite complex number. We have 

F , ~ ( p ~ )  _ F . ( z .  + pn(~ - ~,~lpn)) -~ g(¢ - ~) = ~(¢), 
P, Pn 

tile convergence being spherically uniform on compact sets of C and hence uni- 

form on compacta  disjoint from the poles of .q- Clearly, all zeros of ~ have order 

at least 3 and all poles are multiple except possibly the pole at 0, which has order 

at least, k. 

Now 

lim h(p~<) _ ~ 
n ~  p,~ 

uniformly on compact subsets of C. Thus, writing 

f,~(Pn¢) h(pn~) fn(Pn~) h(pn~) Fn(Pn~) 
G ~ ( ~ ) - p ~ + l  - p~ pnh(pn~) - pk p ' 

we have 
a ~ ( ¢ )  -~  ¢k~(¢) = a ( ¢ )  

uniformly on compact subsets of C disjoint from the poles of .q. Note that  since 

.q has a pole of order at least k at 0, G(0) ~ 0. 
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We claim that  G'(~) 7 ~ (k. Indeed, suppose that  G'(@) = ~o k. Then G is 

holomorphic at @ and 

h(pn~) _ ffn(Pn~) - h(pn~) # o. 

Thus, if @ ¢ 0, we have G'(~) --- ~k by Hurwitz'  Theorem and hence G(~) = 

ffk+l/(k + 1) + C. Since all zeros of G are multiple, C = 0. But then t)(~) = 

( / ( k  + 1), which contradicts the fact that  ~ has a pole at 0. 

The same argument applies if @ = 0. Indeed, in that  case, G is analytic at 0, 

so ~ has a pole of exact order k at 0. Since for each n, the pole of Fn(Pn~) at 
0 has order k, it follows that  there exists (~ > 0 such that  Fn(Pn~) has no poles 

in A~ = {z : 0 < [zl < 5}. Thus G n is holomorphic on A5 = {z : [z[ < ~}, so 

Gn --+ G uniformly on a neighborhood of 0 as well. We may then apply Hurwitz'  

Theorem as above. 

Thus G ' ( ( )  ¢ (k. It  follows from Lemma 3 that  G must be a rational function. 

However, then Lemma 5(ii) shows that  G ' ( ( )  = ~k has a solution in C. The 

contradiction establishes that  9t'1 is normal on A. 

It  remains to show that  this implies that  ~" is normal on A. Since -T1 is 

normal on A (and hence, as a collection of maps from A to C, equieontinuous 

on compaeta) and F(0) = oo for each F E J-l, there exists (~ > 0 such that  

if F E ~-1, then IF(z)l ___ 1 for z E A~. Hence f ( z )  ~ 0 for z E A~ for all 

f E ~-. Now since h(z) ~ 0 for z C A t, ~ i s  normal on A~ by Theorem 1. 

Suppose that  ~ is not normal on A~. Then there exists a sequence {f~} C 5 r 

which converges spherically uniformly on compact subsets of A~, but none of 

whose subsequences converges spherically uniformly on a neighborhood of 0. By 

the invariance of the spherical metric, the same holds for the sequence {1/f~}, 

whose members are all holomorphic on As. It  follows (by the maximum modulus 

principle) that  {1/f~} diverges uniformly to infinity on compact subsets of A~. 

Thus {fn} converges uniformly to 0 on compact subsets of A~ and hence so does 

{F,},  where Fn = fn /h .  But IFn(z)l > 1 for z e A~, since F,, E .7",. The 

contradiction shows that  $" is normal on A~ and hence on A = A5 tJ A~. This 

completes the proof of Theorem 2. 

Remark: In the proofs of Theorem 1 and case (a) of Theorem 2, we could have 

invoked Theorem 1 (or Lemma 9) of [6] in place of the combination of Lemma 3 

and Lemma 5(i) above. 

With only the slightest modifications, the proof of Theorem 2 also yields the 

following result. 
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THEOREM 3: Let Y: be a family of functions meromorphic on domain D in C, all 

of whose zeros all have multiplicity at least 4. Let h be a function holomorphic 

on D, h ~ O. Snppose that for each f C Y:, i f (z)  • h(z) for z C D. Then Y: is a 

normal family on D. 

Details are left to the reader. 
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